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Poroelastic Material
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Figure: 3-D trabeculae reconstructed from micro-CT scans provided by L.
Cardoso. [MYO-2011]. Elastic frame with viscous pore fluid
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e Wave propagation in poroelastic composites and
frequency-dependent mass coupling and dissipation (drag force).

e Stieltjes functions and the Integral Representation formula (IRF)
for dynamic permeability with measure dA

e Reconstruction of dynamic permeability from finite data sets
e IRF for dynamic tortuosity with measure do.

e Relations between the microstructure and tortuosity in terms of
the moments of measure do
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Biot’s equations for waves in poroelastic materials

M. A. Biot, Theory of propagation of elastic waves in a
flurd-saturated porous solid, J. Acoustical Society of America (JASA)
(1956a (5510), 1956b (2412)).

Web of Science: We are sorry...The citation map you are trying to create
contains more papers (nodes) than we can process.

Three pieces of physics
® Strain-stress relation
e Kinetic energy
® FEnergy dissipation

u: displacement vector for solid

U displacement vector for fluid

* Stress tensor acting on the solid part: 73, 7,7 = 1,2,3

* Stress tensor acting on the fluid part: séy;, s = —Bp, B: porosity.
* Strain tensor in the solid: e; = %(g—;}k + %), 1,7 =1,2,3

* Strain tensor in the fluid: e=V - U

Coupled stress-strain relation 7; = 2N ey; + §;(Ae + Qe)



2nd-order formulation, , 1sotropic

Biot’s Dynamic equations, 1956-a

2

o} o}
NV%u +V[(A+ N)e + Qe] = ﬁ(pnu—kplgU)—l— b a(u— U)

0
(pr2v + p22U) — b a(U— U)

2

0
V[Qe + RE] = w

.. B . . .
Dissipation coeff. b := ﬁ—’ﬂ is constant <= laminar flow in pore space

B: porosity, n7: dynamic viscosity
K: static permeability
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First order formulation,

v = ’l:l,, q = ﬁ(U - ’U,), D= — Qe;—Re (pore pressure)

e Stress-strain relations

04Tz = 1102V + €130,V + a1 M (0; 95 + 0, ¢,)
04T = 1302z + €330, v, + a3 M (059 + 0. 4;)
O4Ts, = cis (0, vz + 8, u,)

Oip = —a1 MO v, — azMO,v, — M(0;qz + 0, 4q;)

e Equations of motion

pOsv; + psOiq; = [V - T,

(Darcy’s law in z; direction) pfOtv; + m;0:q; + (77) g = —0,p
K
m; = %, Qoo;: inf-freq tortuosity in the i-th direction (difficult to
measure)
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Low-freq. Biot equations and ultrasound in cancellous

bones

Problem: low-frequency Biot equations underestimate wave dissipation
when compared with experiment.

Solution: High-frequency correction is made in frequency domain.

Fourier transform to frequency domain

flw) = \/%_ﬂ /ooo v(t)e™t dt
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Three approaches to high-freq. corrections

o Biot’s correction to b: too restrictive in terms of pore geometry

e JKD correction introducing dynamic tortuosity and permeability
function: a tunable parameter for geometry thus more flexible.
However, the two JKD functions are the simplest form of the
functions that satisfy the necessary causality properties.

There is no reason all pore geometries correspond to these
specific function forms.

e Torquato-Avellaneda’s integral representation formula (IRF) for
the dynamic permeability function: valid for all pore geometries
The most general correction.

For the first order formulation, high-freq. correction is made to the dynamic
tortuosity function.
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Tortuosity and permeability,

FIGURE 1. Streamlines in the fluid flow through thre
gimensional random model of porous media at poragity 0.6
and tortuosity T=1.15.
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Dynamic permeability and tortuosity

Dynamic permeability function K(w)
o o~ K ~ ~
~wp(T - 1) = S5+ i) &

Dynamic tortuosity function a(w)

_~

a(w)ps(=iw)X(T — @) = (~VF + pyw’B), (2)

Example: (low-freq. Darcy’s law)

pfatvz + (pfaoo1> 3th K1) Qe = —0zD <— O(l(LU) 1+ nﬁ/_(':jpf)
Time-domain High-freq. Darcy’s law has a memory term
B 4
(2) and (1) = a(w) = wp “Hw) for w #0
f

Note: K(0) = k = Ky =static permeability



JKD Model

In [Johnson-Koplik-Dashen-1987], 1077, by extending a(w) and K(w) to
complex w-plane and using causality argument, the simplest forms are derived

ng 42 KEprw
ap (W) Ao ( iwaoopf Ko \/ 1 7]A2¢2

nA?¢? ne

with the tunable geometry-dependent constant A, ¢ = G (porosity).
inf-freq. model as w —

o . o
a(w) = o (1+1/ﬂ—>,K(w)—> g (1—1lﬂ—>
prw A Qoo PFW prw A
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Models for ultrasound in cancellous bone

Hosakawa 2006, Ultrasonics

Table 3

Biot’s parameters of bovine cancellous bone models with parallel and

perpendicular trabecular orientations

Parallel Perpendicular
Young’s modulus of solid bone Ej 22.0 GPa 22.0 GPa
Poisson’s ratio of solid bone v 0.32 0.23
Bulk modulus of bone marrow K¢ 2.0 GPa 2.0 GPa
Density of solid bone pg 1960 kg/m® 1960 kg/m?
Density of bone marrow pr 930 kg/m? 930 kg/m?
Poisson’s ratio of trabecular frame v, 0.32 0.23
Variable r 0.25 0.25
Viscosity of bone marrow n 15Ps 15Ps
Parameter n 1.46 2.14
Pore size ag 1.35 mm 1.35 mm
Permeability k 3x1078 3x107°
Porosity f 0.83 0.83
Resistance coefficients y; (i = x,y) 1.0 x 10° 1.0x 10°
Resistance coefficient ., 1.0x 107 1.0x 107

. Y. Ou (UDel)
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Fig. 2. Geometric drawings of bovine cancellous bone models in the
viscoelastic FDTD method, with (a) parallel and (b) perpendicular
trabecular orientations.
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Fellah et. al. 2004, 2006,JASA: inf-freq. model.

Transducers

Biot's model parameters of cancellous bone M1 M2 M3 / \\
Thickness Licm) 07 05 038 / \
Density p, (kg/nT) 1960 1960 1960 | s gomor High fequency g
Porosity ¢ 083 077 088 Pre-amplifier
Tortuosity a, 105 101 102 |
Viscous characteristic length (xm) 5 27 5 o
Buk modulus of the elasticsolidks 20 20 26 i Dioxkists

(GPa) Triggering
Bulk modulus of bone skeletal rame Kb~ 3.3 4 13

(GPa)
Shear modulus of the framé (GPa) 26 17 0.35

FIG. 15. Experimental setup for ultrasonic measurements.

In Fellah 2006, ¢, aeo, A, Kp and N are sought after by solving the inverse problem.
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e How does the microstructural information of pore space
quantitatively enter the permeability?

e Must all permeabilities have the simplest form as suggested in the
JKD model? No.

e Given a set of permeability data at various frequencies, how well
can we interpolate/extrapolate?

e How to numerically handle the memory terms in a time domain
solver?

The key is in the mathematical structure of K(w)
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Integral representation formula for K (w)

For any pore geometry,

_ Ye,<e b

Y1 b7
Note: dG is a probability measure (positive measure), which contains
all geometric information of the pore space . F' = "%, v: kinetic
viscosity. b, depends on the spectrum of the Stokes equation in pore
space and the initial applied flow direction e.

F ©1 0dG(e) .
/0 , with G(©)

LKW = 1— iw®

A, +VQ, = —€, ¥, and V- ¥, =0 in V1, ¥, =0 on 8V1,

0<e1<ex2<:-- and €, = 00 as n — 0. Oy 1= (uen)_1 are the viscous relaxation times and ®;
referred to as the principal viscous relaxation time. The eigenfunctions are orthonormal in the sense

1 1
m / Yo (e) - p(xe) de = 6mn (Kronecker delta), b, = m e -¥y(x)de (3)
1 1
Vi Vi
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New Variables

K@) | PG) = (5) K (i) | BE) -

(g) K (is) — /061 ©dG(6) _, /061 dA(©)

js|
—~

V)
~—

Il

1+ s© 1+ s©

(G

Note: JKD model satisfies this IRF as well (can be shown using
Herglotz function theory [MYO-2014])

M. Y. Ou (UDel) Dec. 2014 16 / 25



Stieltjes function

Definition (Stieltjes function)

A Stieltjes function f(z) for z on the extended complex plane has the
following form

z—t

= [ 24 @)

where a, b are extended real numbers and p(t) is a bounded,
non-decreasing real function.

R(§) == —s (%) K(is) = —sP(s) = /0@1 65?((?)

is a Stieltjes function. Note: £ = —ul;.
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Multipoint Padé approximates of Stieltjes functions

Theorem (

Let f be a Stieltjes function. Let P,_1(z) and Q,(z) be polynomials of
degree at most n — 1 and n, respectively, satisfying the relations
(k1+k22+k3:2n)

F(2)Qn(2) = Pra(2) = Al) 1—151 (2 = ) H;'Q:l(z - z)(z — ;)
f(Z)Qn(Z) — Pn_l(z) = B(z)z" k3—1

where A(z), B(z) are analytic in C\ [a, b], B(z) bounded at oo,
Zi, -, T € R\ [a,b], 21, , 2k, € C\R. Then

[n — 1/n]s(2) ::PEES) = fb dﬁ(t for some bounded, non-decreasing
function B(t).

[n—1/n]s(z) = >S5 1 7%, with 7, > 0 and py, € (a,b) for k= 1,-
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Reconstruction from finite data set K (w;)

Given R(¢;), 7 =1, -+, M, to construct [M — 1/M]g(§). Data at
conjugate points can be obtained through symmetry

— _ [C1dx(6) _ [®rdr(e) .
R(&) = o T-6 Jo gj_e—R(EJ)

M .
[M — 1/ M]g(¢) = fop', r;>0,0<p; <O

)

t

v M T 14 M T
Kw)r =) 1=, F K| ~ <ﬁ) 3 < J) e n

j=1 \Pi

b .
Moments:  p;(dA) := / 6’ dX(6) ~ Zpi""j
a k

Note: po(dA) = %Q = %‘1 = 0o Can be computed from permeability data
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IRF for Dynamic Tortuosity

Theorem (

The dynamic tortuosity a(w) = Z—%K ~! has the following integral

representation formula for w such that —< € C\ [0, ©,]

e . _ ¢ _ [
for some positive measure do, with a = ;;7?0. to(do) = m,ul(d)\)

(1) a(w) = o as w — oo, do has a Dirac mass at ® = 0 with strength a.

(2) (&) :=a— emy = o T wa(w) is a Stieltjes function and A(¢) = h(¢)
M T
(3) a(w) ~ 7(;&; + Zj:l ﬂ) Tj > O: pj € (_001 _@Ll)
4) F-a](t) = ad(t) + 3-M . r.ePi* Provides an efficient way to handle the
7=1"7
memory term and settles a debate in poroelasticity
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Moments and effective properties

B OlooKo
po(dA) = v
o boldo)u(dX)
® p1(dA)

Specializing the result to JKD model, the microstructure-dependent
parameter A (a weighted average of volume-to-surface ratio of the
dynamically connected pore space) satisfies

A_\/ 2K00lgo i 2K00loo
= T = | —52—
$luo(do?) — ac ¢[53§$D§ —1]

Note: Empirical formula in literature A &~ ,/ 2°‘¢°7f° !
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Formulation for Reconstruction

OdG(e ap+a1s;+-tapy— SM71
P(sj) = [ 1+sf®) ~ [M —1/M]p(s) = 2122 =t

1+blsj+-~+sz]M
2M Given the data (s, P(s;)), s; #0,5 =1,--- , M, let 55, = —s;,
P(sj1u) = P(sj) and Pp, := P(sp), m=1,---,2M. Solve Ax = d

,]=1~

1 s1 sf s s$71 —P1sy —Py sf —Py sf e —Pls{M
1 s sg sy -1 —P3sp —stg —stg' —stéu

2 M—1 2 3 M
1 son S5 s, —Poprsom —Pam sy, —Pam sy, —Pam sy,

e s
= A, +1A; = Real(A) + t Imag(A)

x (ao, a1, ,an—1,b1, bz, , by)
d = (P, Py Pyt
M
a0+ ars+ -+ ay_1sM? Tj .y
M—1/M = = = R
[ [M]p(s) 1+ bis+---+byusM s—pj zE
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Algorithm

@ Rescale each column a;, 7 =1,---,2M of Aby C := diag{||aj||2_1}?i/[1.
Let
Ax = (AC)(C™'z) =: By

5= () a= (1)

Solve the overdetermined system B Yy = d in least square sense with
Tikhonov regularization

Q Let

min 1By — dlf3+7*llyll3
L-curve method is used for choosing the regularization parameter y

© Rescale x = Cy.

@ Apply partial fraction decomposition to the resulting 20 Padé
approximant. Retain the poles in (—oo, —4-]U {—si} with positive
1 P
weights.
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JKD permeability moments from data K (w;)

Figure: Relative error of ui(dAP),- -, uo(d\P) approximated from M data
points in [1,51]Hz

o Relative error for permeability moments

Rel. error
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Reconstructed JKD Tortuosity from data X (w;)

Figure: . Max. Rel. Error for w € [1,51] Hz and w € [0.75,4] MHz. Linear
convergence!

Max. relative error in the reconstruction of DD(s)

* 0[0.754] MHz
" © w0 [151]Hz

Max. rel. error

On reconstruction of dynamic permeability and tortuosity from data at
distinct frequencies, Inverse Problems 30(9) 095002, 2014
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