
Outline Poroelasticity IRF Moments

On Reconstruction of the Dynamic Tortuosity
Functions of Poroelastic Materials

M. Yvonne Ou

Department of Mathematical Sciences
University of Delaware

Newark, DE 19716, USA
mou@udel.edu

SYMPOSIUM ON THE ACOUSTICS OF PORO-ELASTIC
MATERIALS, Dec. 16, 2014, KTH

Sponsored by NSF-DMS-0920852 (Math. Bio.) and NSF-DMS-1413039 (Inverse Problems)

M. Y. Ou (UDel) On Reconstruction of the Dynamic Tortuosity Functions of Poroelastic MaterialsDec. 2014 1 / 25



Outline Poroelasticity IRF Moments

Poroelastic Material

Figure: 3-D trabeculae reconstructed from micro-CT scans provided by L.
Cardoso. [MYO-2011]. Elastic frame with viscous pore fluid
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Outline

� Wave propagation in poroelastic composites and
frequency-dependent mass coupling and dissipation (drag force).

� Stieltjes functions and the Integral Representation formula (IRF)
for dynamic permeability with measure d�

� Reconstruction of dynamic permeability from finite data sets

� IRF for dynamic tortuosity with measure d�.

� Relations between the microstructure and tortuosity in terms of
the moments of measure d�
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Biot’s equations for waves in poroelastic materials

M. A. Biot, Theory of propagation of elastic waves in a
fluid-saturated porous solid, J. Acoustical Society of America (JASA)
(1956a (5510), 1956b (2412)).
Web of Science: We are sorry...The citation map you are trying to create
contains more papers (nodes) than we can process.

Three pieces of physics

� Strain-stress relation

� Kinetic energy

� Energy dissipation

u : displacement vector for solid
U : displacement vector for fluid
* Stress tensor acting on the solid part: �ij , i ; j = 1; 2; 3
* Stress tensor acting on the fluid part: s�ij , s = ��p, �: porosity.
* Strain tensor in the solid: eij = 1

2 (
@ui
@xj

+
@uj
@xi

), i ; j = 1; 2; 3
* Strain tensor in the fluid: � = r �U

Coupled stress-strain relation �ij = 2Neij + �ij (Ae +Q�)
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2nd-order formulation, low-frequency regime, isotropic
case

Biot’s Dynamic equations, 1956-a

Nr2u +r[(A+N )e +Q�] =
@2

@t2
(�11u + �12U ) + b

@

@t
(u �U )

r[Qe +R�] =
@2

@t2
(�12u + �22U )� b

@

@t
(u �U )

Dissipation coeff. b := �2�
� is constant () laminar flow in pore space

�: porosity, �: dynamic viscosity
�: static permeability
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First order formulation, low-freq.

v := _u ; q := �( _U � _u); p := �Qe+R�
� (pore pressure)

� Stress-strain relations

@t�xx = cu11@xvx + cu13@z vz + �1M (@xqx + @z qz )
@t�zz = cu13@xvx + cu33@z vz + �3M (@xqx + @z qz )
@t�xz = cu55(@z vx + @xvz )
@tp = ��1M@xvx � �3M@z vz �M (@xqx + @z qz )

� Equations of motion

�@tvi + �f @tqi = [r � � ]i

(Darcy’s law in xi direction) �f @tvi +mi@tqi +
�
�

�i

�
qi = �@xip

mi :=
�f �1 i
� , �1i : inf-freq tortuosity in the i-th direction (difficult to

measure)
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Low-freq. Biot equations and ultrasound in cancellous
bones

Problem: low-frequency Biot equations underestimate wave dissipation
when compared with experiment.

Solution: High-frequency correction is made in frequency domain.

Fourier transform to frequency domain

ef (!) := 1p
2�

Z 1

0
v(t)e i!t dt

M. Y. Ou (UDel) On Reconstruction of the Dynamic Tortuosity Functions of Poroelastic MaterialsDec. 2014 7 / 25



Outline Poroelasticity IRF Moments

Three approaches to high-freq. corrections

� Biot’s correction to ~b: too restrictive in terms of pore geometry
� JKD correction introducing dynamic tortuosity and permeability
function: a tunable parameter for geometry thus more flexible.
However, the two JKD functions are the simplest form of the
functions that satisfy the necessary causality properties.
There is no reason all pore geometries correspond to these
specific function forms.

� Torquato-Avellaneda’s integral representation formula (IRF) for
the dynamic permeability function: valid for all pore geometries
The most general correction.

For the first order formulation, high-freq. correction is made to the dynamic
tortuosity function.
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Tortuosity and permeability, M. Matyka and Z. Koza, 2012
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How to Calculate Tortuosity Easily?

Maciej Matyka and Zbigniew Koza

Institute of Theoretical Physics, University of Wrocław, pl. M. Borna 9, 50-204 Wrocław, Poland, tel.:
+48713759357, fax: +48713217682

Abstract. Tortuosity is one of the key parameters describing the geometry and transport properties of porous media. It is
defined either as an average elongation of fluid paths or as a retardation factor that measures the resistance of a porous
medium to the flow. However, in contrast to a retardation factor, an average fluid path elongation is difficult to compute
numerically and, in general, is not measurable directly in experiments. We review some recent achievements in bridgingthe
gap between the two formulations of tortuosity and discuss possible method of numerical and an experimental measurements
of the tortuosity directly from the fluid velocity field.

Keywords: tortuosity; porous media
PACS: 47.56.+r, 47.15.G−, 91.60.Np

1. INTRODUCTION

One of the main problems in porous media physics is to
find out how the value of permeability, which synthet-
ically describes flow retardation by the porous medium
structure, is correlated with the geometry of the medium.
Another problem is to define macroscopic parameters
that could be used to distinguish various kinds of porous
media. One of the parameters that is often used for both
of these purposes is the tortuosity.

The notion of tortuosity was introduced to porous
media studies by Carman [1], who considered a flow
through a bed of sand and proposed the tortuosity as
a factor that accounts for effective elongation of fluid
paths. Assuming that a porous bed of thicknessL can be
regarded as a bundle of capillaries of equal lengthLeff
and constant cross-section, he proposed the following
semi-empirical Kozeny-Carman formula [1, 2, 3]

k =
ϕ3

βT2S2 , (1)

which relates the permeability (k) to four structural pa-
rameters: the porosityϕ , the specific surface areaS, the
shape factorβ , and the hydraulic tortuosityT,

T =
Leff

L
. (2)

The simple capillary model used by Kozeny and Car-
man can be easily applied to other forms of transport
through porous media. For example, the electric tortu-
osity (Tel) is defined as a retardation factor [4],

Tel =
σfl

σp
, (3)

whereσfl is the electrical conductivity of a conductive
fluid andσp is the effective electrical conductivities of a

FIGURE 1. Streamlines in the fluid flow through three-
dimensional random model of porous media at porosityϕ = 0.6
and tortuosity T=1.15.

porous medium filled with this fluid. Within the simple
capillary model,Tel is related toLeff/L through

Tel =
1
ϕ

(
Leff

L

)2

, (4)

and a similar relation holds for the diffusive tortuosity
[4].

Comparison of Eqs. (2) and (4), as well as a research
into the literature, reveal the first problem with tortuosity:
depending on the context, this term can be related toT,
T2 or evenT−1 or T−2 [2, 3, 4, 5]. The second problem
is that a link between the tortuosity defined as an average
elongation of fluid paths, as in Eq. (2) (see Fig. 1), and
the tortuosity defined as a retardation factor, as in Eq. (4),
is well-defined only for the capillary model. It is not clear
that a similar correlation exists for arbitrary porous me-

M. Y. Ou (UDel) On Reconstruction of the Dynamic Tortuosity Functions of Poroelastic MaterialsDec. 2014 9 / 25



Outline Poroelasticity IRF Moments

Dynamic permeability and tortuosity
Dynamic permeability function K (!)

�i!�(fU � eu) = K (!)

�
(�rep + �f !

2eu) (1)

Dynamic tortuosity function �(!)

�(!)�f (�i!)2(fU � eu) = (�rep + �f !
2eu); (2)

Example: (low-freq. Darcy’s law)
�f @tvx +

�
�f �11

�

�
@tqx +

�
�
�1

�
qx = �@xp () �1(!) = �11 +

��=(�1�f )
�i!

Time-domain High-freq. Darcy’s law has a memory term

(2) and (1)) �(!) =
i��
!�f

K�1(!) for ! 6= 0

Note: K (0) = � = K0 =static permeability
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JKD Model

In [Johnson-Koplik-Dashen-1987], 1077, by extending �(!) and K (!) to
complex !-plane and using causality argument, the simplest forms are derived

�D(!) = �1

0@1�
��

i!�1�fK0

s
1� i

4�2
1
K 2

0 �f !

��2�2

1A
KD(!) = K0=

0@s1�
4i�2

1
K 2

0 �f !

��2�2 �
i�1K0�f !

��

1A :

with the tunable geometry-dependent constant �, � = � (porosity).
inf-freq. model as ! !1

�(!)! �1

 
1+

s
i�
�f !

2
�

!
; K (!)! i��

�1�f !

 
1�

s
i�
�f !

2
�

!
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Models for ultrasound in cancellous bone

Hosakawa 2006, Ultrasonics
o

ot
ðq _ui þ qf _wiÞ ¼

osii

oi
þ osxy

oj
; ð2aÞ

o

ot
ðqf _ui þ m _wiÞ ¼ �

opf

oi
� F rg

k
_wi; ð2bÞ

osii

ot
þ ciisii ¼ H

o _ui

oi
þ ðH � 2lÞ o _uj

oj
þ C

o _wx

ox
þ o _wy

oy

� �
; ð2cÞ

osxy

ot
þ cxysxy ¼ l

o _ux

oy
þ o _uy

ox

� �
; ð2dÞ

opf

ot
¼ �C

o _ux

ox
þ o _uy

oy

� �
�M

o _wx

ox
þ o _wy

oy

� �
; ð2eÞ

where ui are the particle displacement components of the
solid frame, wi are the particle displacement components
of the pore fluid relative to the solid frame, sii are the nor-
mal stress components of the solid frame, sxy is the shear
stress component, cii and cxy are, respectively, the resis-
tance coefficients for the normal and shear stress compo-
nents related to the attenuation coefficients of the fast
longitudinal and shear waves, pf is the pressure in the pore
fluid, q is the total density of the fluid-saturated medium
and qf is the fluid density. In addition, m is the density
parameter, which is determined by the relation

m ¼ aqf

b
; ð3Þ

where a (denoted as structural factor) depends on the pore
geometry and b is the porosity. The last term ðF rg=kÞ _wi on
the right-hand side in Eq. (2b) represents the viscous resis-
tance to the fluid motion, where g is the fluid viscosity, k is
the permeability and Fr is a correlation factor to consider
the frequency dependence of the viscous resistance. Finally,
H, C and M are generalized elastic coefficients deduced by
Biot, and can be expressed in terms of the bulk moduli of
the solid and fluid, the bulk and shear moduli l of the solid
frame and the porosity. For Eqs. (2a)–(2e), a leap-frog sys-
tem is constituted for _ui, _wi and sii, sxy, pf.

In Biot’s FDTD method, cancellous bone was assumed
to be isotropic and homogeneous. The medium parameter
values (q, qf, m, Fr, g, k, H, C, M, l, cii and cxy) were trea-
ted identically for all points in the cancellous bone model
because determining such a large number of values at each
point was exceedingly difficult. The Young’s modulus Eb of
the trabecular frame was calculated as

Eb

Es

¼ ð1� bÞn; ð4Þ

where Es is the Young’s modulus of the solid bone and n is
a parameter that depends on the trabecular structure [10].
The structural factor a in Eq. (3) can be calculated by
Berryman’s relation [11,12]

a ¼ 1� rð1� b�1Þ; ð5Þ
where r is a variable related to the microscopic structure
of the frame. In Biot’s theory [6,7], the correction factor
F(j) for the viscous resistance is defined as a function of
frequency f

F ðjÞ ¼ 1

4

jT ðjÞ
1� 2T ðjÞ=jj

;

T ðjÞ ¼ ber0ðjÞ þ jbei0ðjÞ
berðjÞ þ jbeiðjÞ ; j ¼ a

ffiffiffiffiffiffiffiffi
xqf

g

r
; ð6Þ

where the functions of ber and bei are the real and imagi-
nary parts of the Kelvin function, a is the pore size param-
eter, which depends on both the size and shape of the pore,
and x (=2pf) is the angular frequency. The real part of
F(j), with the center frequency of the transmitted wave
substituted for f and the average pore size a0 set as a,
was used as Fr in Eq. (2b). The parameters applied to the
Biot’s models of bovine cancellous bone with parallel and
perpendicular trabecular orientations are listed in Table 3
(as reported in Refs. [3] and [5]). The values of the param-
eter n and permeability k, which are, respectively, related to
the elasticity of the trabecular frame and the viscous resis-
tance of bone marrow, were changed to characterize the
trabecular orientations.

3. Simulated results

The geometry of 2D FDTD analysis model is shown in
Fig. 3. As shown in this figure, the spatial region is 100 ·
50 mm on the x–y plane. A transmitter and a receiver (10
and 8 mm in size, respectively) separated by a distance of

Table 3
Biot’s parameters of bovine cancellous bone models with parallel and
perpendicular trabecular orientations

Parallel Perpendicular

Young’s modulus of solid bone Es 22.0 GPa 22.0 GPa
Poisson’s ratio of solid bone ms 0.32 0.23
Bulk modulus of bone marrow Kf 2.0 GPa 2.0 GPa
Density of solid bone qs 1960 kg/m3 1960 kg/m3

Density of bone marrow qf 930 kg/m3 930 kg/m3

Poisson’s ratio of trabecular frame mb 0.32 0.23
Variable r 0.25 0.25
Viscosity of bone marrow g 1.5 P s 1.5 P s
Parameter n 1.46 2.14
Pore size a0 1.35 mm 1.35 mm
Permeability k 3 · 10�8 3 · 10�9

Porosity b 0.83 0.83
Resistance coefficients cii (i = x,y) 1.0 · 106 1.0 · 106

Resistance coefficient cxy 1.0 · 107 1.0 · 107

x

y

Transmitter Receiver

Sp
ec

im
en

100 mm

50
 m

m

10 mm 8 mm

9 mm

40
 m

m

33 mm

Absorbing layer

Water

33 mm

Fig. 3. Schematic drawing of 2D FDTD analysis model for ultrasonic
wave propagation in the cancellous bone specimen.

A. Hosokawa / Ultrasonics 44 (2006) e227–e231 e229

2. FDTD methods

2.1. Viscoelastic FDTD method

The wave propagation in a 2D viscoelastic medium is
governed by the following equations:

q
o _ui

ot
¼ osii

oi
þ osxy

oj
; ð1aÞ

osii

ot
þ ciisii ¼ ðkþ 2lÞ o _ui

oi
þ k

o _uj

oj
; ð1bÞ

osxy

ot
þ cxysxy ¼ l

o _ux

oy
þ o _uy

ox

� �
; ð1cÞ

where i, j = x, y (i 5 j), ui are the particle displacement
components of the medium in the i-direction (an overdot
denotes a time derivative), sii are the normal stress compo-
nents in the i-direction, sxy is the shear stress component on
the x–y plane, cii and cxy are, respectively, the resistance
coefficients for the normal and shear stress components re-
lated to the attenuation coefficients of the longitudinal and
shear waves, q is the medium density and k, l are Lamé
coefficients. For Eqs. (1a)–(1c), central differencing with
staggered grids is used to constitute a leap-frog system [8]
for _ui and sii, sxy.

A schematic drawing of the cancellous bone model in the
viscoelastic FDTD method [9] is shown in Fig. 1. The skel-
etal frame of cancellous bone was made of numerous tra-
becular rods. The porosity b was adjusted by changing the
trabecular thickness as and pore space between trabeculae
af, and the trabecular orientation was adjusted by changing
the trabecular length ls and angle h. In order to form an
inhomogeneous trabecular structure, these values were uni-
formly distributed in the range of ±25% in each of as, af and
ls, and ±10� in h. It was assumed that the pore spaces were
perfectly filled with bone marrow. Thus, the trabecular
structure was considered by giving the corresponding values
of the medium parameters (q, k, l, cii and cxy) at each spatial
point in the model.

Assuming bovine cancellous bone with aligned trabecu-
lae, the mean values of as, af and ls were determined as listed
in Table 1. The trabecular orientations to the thickness
direction (or propagation direction) were parallel (h = 0�)
and perpendicular (h = 90�). The geometrical drawings of

the parallel and perpendicular models are shown in
Fig. 2(a) and (b), respectively. The porosity was set at
0.83 (83%) for both models. The physical parameters of
bovine cancellous bone, as reported in Ref. [9], are listed
in Table 2.

2.2. Biot’s FDTD method (Ref. [9])

In Biot’s theory [6,7], the wave propagation in a fluid-
saturated porous medium is described by considering the
dynamic coupling between the solid frame and pore fluid.
This theory predicts fast and slow longitudinal waves prop-
agating through such a medium. The fast wave corresponds
to in-phase motion of the solid and fluid, and the slow
wave corresponds to their out-of-phase motion. Wave
propagation in a 2D porous medium is governed by the
following equations:

Trabecula

Bone marrow

as

ls

af

θ

Fig. 1. Schematic drawing of cancellous bone model in the viscoelastic
FDTD method.

Table 1
Parameters of bovine cancellous bone models in the viscoelastic FDTD
method

Trabecular thickness as 0.15 mm
Pore space between trabeculae af 1.35 mm
Trabecular length ls 4.5 mm

These values were uniformly distributed in the range of ±25%.

Fig. 2. Geometric drawings of bovine cancellous bone models in the
viscoelastic FDTD method, with (a) parallel and (b) perpendicular
trabecular orientations.

Table 2
Physical parameters of bovine cancellous bone

Trabecula Bone marrow

Lamé coefficient k 14.8 GPa 2.0 GPa
Lamé coefficient l 8.3 GPa 0 GPa
Density q 1960 kg/m3 930 kg/m3

Resistance coefficients cii (i = x,y) 2.0 · 105 3.5 · 104

Resistance coefficient cxy 2.0 · 106 0

e228 A. Hosokawa / Ultrasonics 44 (2006) e227–e231
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Fellah et. al. 2004, 2006,JASA: inf-freq. model.

fluid phases of the porous material and thus on the other
parameters which were kept constant during this study.

V. ULTRASONIC MEASUREMENTS

As an application of this model, some numerical simu-
lations are compared with experimental results. Experiments
are performed in water using two broadband Panametrics A
306S piezoelectric transducers with a central frequency of
2.25 MHz in water. 400 V pulses are provided by a 5058PR
Panametrics pulser/receiver. The signals received are ampli-
fied to 90 dB and filtered above 10 MHz to avoid high fre-
quency noise~energy is totally filtered by the sample in this
upper frequency domain!. Electronic interference is removed
by 1000 acquisition averages. The experimental setup is
shown in Fig. 15. The parallel-faced cubic samples were ma-
chined from human cancellous bone in femoral heads. The
liquid in the pore space~blood and marrow! is removed from
the bone sample and substituted by water. The transmitting
transducer insonifies the sample at normal incidence with a
short ~in time domain! pulse. When the pulse hits the front
surface of the sample, part is reflected, part is transmitted as
a fast wave, and a part is transmitted as a slow wave. When
any of these components, traveling at different speeds, hit the
second surface, a similar effect takes place: part is transmit-
ted into the fluid, part is reflected as a fast or slow wave.
Sample characteristics are measured using standard
methods11,16,17,19,25–27~Appendix B! and given in Table I.
The fluid ~water! characteristics are: bulk modulusK f

52.28 GPa, density r f51000 kg m23, viscosity h
51023 kg m s21. The incident experimental signal generated
by the transducer is shown in Fig. 3 and its spectrum in Fig.
4.

Figures 16, 17, and 18 show the comparison between
experimental transmitted signals~solid line! and simulated
signals ~dashed line! for bone samples M1, M2, and M3,
respectively. The experimental transmitted wave forms are
traveling through the cancellous bone in the same direction
as the trabecular alignment~x direction!. For some situations,
fast and slow waves are superimposed, depending on the
coupling between the two porous medium phases, so that this
is due to the modified Biot’s parameters for cancellous bone,
which as mentioned in Sec. IV, play an important role in the
arrival time of the two waves.

The experimental data and theoretical prediction are
seen to match closely, which allowed us to conclude that the
modified Biot theory using the Johnsonet al. model is quite
suitable for describing the propagation of ultrasonic wave in
cancellous bone.

VI. CONCLUSION

In this paper, analytical calculus of the reflection and
transmission coefficient of a slab of cancellous bone with an
elastic frame is established. This calculus is based on Biot’s
theory modified by the Johnsonet al. model to describe the
viscous interaction between fluid and structure. Numerical
simulations of transmitted waves in the time domain were

FIG. 15. Experimental setup for ultrasonic measurements.

TABLE I. Biot’s model parameters of cancellous bone.

Biot’s model parameters of cancellous bone M1 M2 M3

Thickness L~cm! 0.7 0.5 0.38
Densityrs (kg/m3) 1960 1960 1960
Porosityf 0.83 0.77 0.88
Tortuositya` 1.05 1.01 1.02
Viscous characteristic lengthL ~mm! 5 2.7 5
Bulk modulus of the elastic solid Ks

(GPa)
20 20 26

Bulk modulus of bone skeletal frame Kb
(GPa)

3.3 4 1.3

Shear modulus of the frameN (GPa) 2.6 1.7 0.35

FIG. 16. Comparison between experimental transmitted signal~solid line!
and simulated transmitted signal~dashed line! for bone sample M1.

FIG. 17. Comparison between experimental transmitted signal~solid line!
and simulated transmitted signal~dashed line! for bone sample M2.

70 J. Acoust. Soc. Am., Vol. 116, No. 1, July 2004 Fellah et al.: Ultrasonic propagation in cancellous bonefluid phases of the porous material and thus on the other
parameters which were kept constant during this study.

V. ULTRASONIC MEASUREMENTS

As an application of this model, some numerical simu-
lations are compared with experimental results. Experiments
are performed in water using two broadband Panametrics A
306S piezoelectric transducers with a central frequency of
2.25 MHz in water. 400 V pulses are provided by a 5058PR
Panametrics pulser/receiver. The signals received are ampli-
fied to 90 dB and filtered above 10 MHz to avoid high fre-
quency noise~energy is totally filtered by the sample in this
upper frequency domain!. Electronic interference is removed
by 1000 acquisition averages. The experimental setup is
shown in Fig. 15. The parallel-faced cubic samples were ma-
chined from human cancellous bone in femoral heads. The
liquid in the pore space~blood and marrow! is removed from
the bone sample and substituted by water. The transmitting
transducer insonifies the sample at normal incidence with a
short ~in time domain! pulse. When the pulse hits the front
surface of the sample, part is reflected, part is transmitted as
a fast wave, and a part is transmitted as a slow wave. When
any of these components, traveling at different speeds, hit the
second surface, a similar effect takes place: part is transmit-
ted into the fluid, part is reflected as a fast or slow wave.
Sample characteristics are measured using standard
methods11,16,17,19,25–27~Appendix B! and given in Table I.
The fluid ~water! characteristics are: bulk modulusK f

52.28 GPa, density r f51000 kg m23, viscosity h
51023 kg m s21. The incident experimental signal generated
by the transducer is shown in Fig. 3 and its spectrum in Fig.
4.

Figures 16, 17, and 18 show the comparison between
experimental transmitted signals~solid line! and simulated
signals ~dashed line! for bone samples M1, M2, and M3,
respectively. The experimental transmitted wave forms are
traveling through the cancellous bone in the same direction
as the trabecular alignment~x direction!. For some situations,
fast and slow waves are superimposed, depending on the
coupling between the two porous medium phases, so that this
is due to the modified Biot’s parameters for cancellous bone,
which as mentioned in Sec. IV, play an important role in the
arrival time of the two waves.

The experimental data and theoretical prediction are
seen to match closely, which allowed us to conclude that the
modified Biot theory using the Johnsonet al. model is quite
suitable for describing the propagation of ultrasonic wave in
cancellous bone.

VI. CONCLUSION

In this paper, analytical calculus of the reflection and
transmission coefficient of a slab of cancellous bone with an
elastic frame is established. This calculus is based on Biot’s
theory modified by the Johnsonet al. model to describe the
viscous interaction between fluid and structure. Numerical
simulations of transmitted waves in the time domain were

FIG. 15. Experimental setup for ultrasonic measurements.

TABLE I. Biot’s model parameters of cancellous bone.

Biot’s model parameters of cancellous bone M1 M2 M3

Thickness L~cm! 0.7 0.5 0.38
Densityrs (kg/m3) 1960 1960 1960
Porosityf 0.83 0.77 0.88
Tortuositya` 1.05 1.01 1.02
Viscous characteristic lengthL ~mm! 5 2.7 5
Bulk modulus of the elastic solid Ks

(GPa)
20 20 26

Bulk modulus of bone skeletal frame Kb
(GPa)

3.3 4 1.3

Shear modulus of the frameN (GPa) 2.6 1.7 0.35

FIG. 16. Comparison between experimental transmitted signal~solid line!
and simulated transmitted signal~dashed line! for bone sample M1.

FIG. 17. Comparison between experimental transmitted signal~solid line!
and simulated transmitted signal~dashed line! for bone sample M2.

70 J. Acoust. Soc. Am., Vol. 116, No. 1, July 2004 Fellah et al.: Ultrasonic propagation in cancellous bone

In Fellah 2006, �, �1, �, Kb and N are sought after by solving the inverse problem.
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Questions....

� How does the microstructural information of pore space
quantitatively enter the permeability?

� Must all permeabilities have the simplest form as suggested in the
JKD model? No.

� Given a set of permeability data at various frequencies, how well
can we interpolate/extrapolate?

� How to numerically handle the memory terms in a time domain
solver?

The key is in the mathematical structure of K (!)
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Integral representation formula for K (!)
[Avellaneda-Torquato-91, 133]

For any pore geometry,

F
�
K (!) =

Z �1

0

�dG(�)

1� i!�
; with G(�) =

P
�n�� b2

nP1
n=1 b2

n

Note: dG is a probability measure (positive measure), which contains
all geometric information of the pore space . F = �1

� , �: kinetic
viscosity. bn depends on the spectrum of the Stokes equation in pore
space and the initial applied flow direction e .

4	n +rQn = ��n	n and r �	n = 0 in V1; 	n = 0 on @V1;

0 < �1 � �2 � � � � and �n !1 as n !1. �n := (��n )
�1 are the viscous relaxation times and �1

referred to as the principal viscous relaxation time. The eigenfunctions are orthonormal in the sense

1

jV1j

Z
V1

	m (x) �	n (x) dx = �mn (Kronecker delta); bn =
1

jV1j

Z
V1

e �	n (x) dx (3)
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New Variables

! s := �i! � := � 1
s

K (!) P(s) := (F� )K (is) R(�) := �sP(s)

P(s) :=
�
F
�

�
K (is) =

Z �1

0

�dG(�)

1+ s�
=:

Z �1

0

d�(�)

1+ s�

R(�) := �s
�
F
�

�
K (is) = �sP(s) =

Z �1

0

�dG(�)

� ��

Note: JKD model satisfies this IRF as well (can be shown using
Herglotz function theory [MYO-2014])
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Stieltjes function

Definition (Stieltjes function)

A Stieltjes function f (z ) for z on the extended complex plane has the
following form

f (z ) =
Z b

a

d�(t)
z � t

(4)

where a , b are extended real numbers and �(t) is a bounded,
non-decreasing real function.

R(�) := �s
�
F
�

�
K (is) = �sP(s) =

Z �1

0

�dG(�)

� ��

is a Stieltjes function. Note: � = � i
! .
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Multipoint Padé approximates of Stieltjes functions

Theorem ([Gelfgren-1978])

Let f be a Stieltjes function. Let Pn�1(z ) and Qn(z ) be polynomials of
degree at most n � 1 and n, respectively, satisfying the relations
(k1 + k2 + k3 = 2n)(

f (z )Qn(z )� Pn�1(z ) = A(z )
Qk1

j=1(z � xj )
Qk2

j=1(z � zj )(z � z j )
f (z )Qn(z )� Pn�1(z ) = B(z )z n�k3�1

where A(z ), B(z ) are analytic in C n [a ; b], B(z ) bounded at 1,
x1; � � � ; xk1 2 R n [a ; b], z1; � � � ; zk2 2 C n R. Then
[n � 1=n ]f (z ) :=

Pn�1(z )
Qn (z )

=
R b
a

d�(t)
z�t for some bounded, non-decreasing

function �(t).

[n � 1=n ]f (z ) =
Pn

k=1
rk

z�pk
, with rk > 0 and pk 2 (a ; b) for k = 1; � � � ;n .
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Reconstruction from finite data set K (!j )

Given R(�j ), j = 1; � � � ;M , to construct [M � 1=M ]R(�). Data at
conjugate points can be obtained through symmetry

R(�j ) =

Z �1

0

d�(�)
�j � �

=

Z �1

0

d�(�)
�j � �

= R(�j )

[M � 1=M ]R(�) =

MX
j=1

rj
� � pj

; rj > 0; 0 < pj < �1

K (!) �
�

F

MX
j=1

rj
1� i!pj

; F�1[K ](t) �
� �
F

� MX
j=1

�
rj
pj

�
e�

t
pj

Moments: �j (d�) :=
Z b

a
�jd�(�) �

X
k

pjkrj

Note: �0(d�) = FK0
� = �1K0

�� ) �1 can be computed from permeability data
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IRF for Dynamic Tortuosity

Theorem (MYO-2014)

The dynamic tortuosity �(!) = i��
!�f

K�1 has the following integral
representation formula for ! such that � i

! 2 C n [0;�1]

�(!) = a
�
i
!

�
+

Z �1

0

d�(�)

1� i!�

for some positive measure d�, with a = ��
�fK0

. �0(d�) = �1
�2

0(d�)
�1(d�)

(1) �(!)! �1 as ! !1, d� has a Dirac mass at � = 0 with strength �1.
(2) h(�) := a � �1

�R(�) = a + i!�(!) is a Stieltjes function and h(�) = h(�)

(3) �(!) � a
�i! +

PM
j=1

rj
�i!�pj

, rj > 0, pj 2 (�1;� 1
�1

)

(4) F�1[�](t) = a�(t) +
PM

j=1 rj e
pj t Provides an efficient way to handle the

memory term and settles a debate in poroelasticity
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Moments and effective properties [ MYO-2014]

�0(d�) =
�1K0

��

�1 =
�0(d�)�2

0(d�)
�1(d�)

Specializing the result to JKD model, the microstructure-dependent
parameter � (a weighted average of volume-to-surface ratio of the
dynamically connected pore space) satisfies

� =

s
2K0�2

1

�[�0(d�D)� �1]
=

vuut 2K0�1

�[�1(d�D )
�2

0(d�D )
� 1]

Note: Empirical formula in literature � �
q

2�1K0
�=4 !
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Formulation for Reconstruction

P(sj ) =
R�1
0

�dG(�)
1+sj�

� [M � 1=M ]P (s) :=
a0+a1sj+���+aM�1s

M�1
j

1+b1sj+���+bM sMj
; j = 1 �

2M Given the data (sj ;P(sj )), sj 6= 0, j = 1; � � � ;M , let sj+M = �sj ,
P(sj+M ) = P(sj ) and Pm := P(sm), m = 1; � � � ; 2M . Solve Ax = d

A=

0B@
1 s1 s21 � � � sM�1

1 �P1s1 �P1s21 �P1s31 � � � �P1sM1
1 s2 s22 � � � sM�1

2 �P2s2 �P2s22 �P2s32 � � � �P2sM2
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
1 s2M s22M � � � sM�1

2M �P2M s2M �P2M s22M �P2M s32M � � � �P2M sM2M

1CA
= Ar + i Ai := Real(A) + i Imag(A)

x = (a0; a1; � � � ; aM�1; b1; b2; � � � ; bM )

d = (P1 P2 � � � P2M )t

[M � 1=M ]P (s) :=
a0 + a1s + � � �+ aM�1sM�1

1+ b1s + � � �+ bM sM
=

MX
j=1

rj
s � pj

) x 2 R2M
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Algorithm [ MYO-2014]

1 Rescale each column a j , j = 1; � � � ; 2M of A by C := diagfka j k
�1
2 g2Mj=1.

Let
Ax = (AC )(C�1x ) =: By

2 Let

B̂ :=

�
Br
Bi

�
; d̂ :=

�
d r
d i

�
:

Solve the overdetermined system B̂y = d̂ in least square sense with
Tikhonov regularization

miny kB̂y � d̂k22 + 
2kyk22

L-curve method is used for choosing the regularization parameter 

3 Rescale x = Cy .
4 Apply partial fraction decomposition to the resulting 2M Padé

approximant. Retain the poles in (�1;� 1
C1

] [ f� 1
�p
g with positive

weights.
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JKD permeability moments from data K (!j ) [ MYO-2014]

Figure: Relative error of �1(d�D); � � � ; �9(d�D) approximated from M data
points in [1; 51]Hz
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Reconstructed JKD Tortuosity from data K (!j ) [MYO-2014]

Figure: . Max. Rel. Error for ! 2 [1; 51] Hz and ! 2 [0:75; 4] MHz. Linear
convergence!
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ω ∈  [0.75,4] MHz

ω ∈   [1,51] Hz

On reconstruction of dynamic permeability and tortuosity from data at
distinct frequencies, Inverse Problems 30(9) 095002, 2014
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